ABSTRACT. We introduce Quasi-local operators (these include operators of Calderon-Zygmund type), a hybrid Hardy space H# of functions of two variables, and we obtain sufficient conditions for a Quasi-local maximal operator to be of weak type (", I). As an application, we show that Cesaro means of the double Walsh-Fourier series of a function f converge a.e. when f belongs to H#. We also obtain the dyadic analogue of a summability result of Marcienkiewicz and Zygmund valid for all fELl provided summability takes place in some positive cone.
1. INTRODUCTION The problem of a.e. Cesaro summability is "quite delicate" in any local field setting (Taibleson [8, p. 114] ). The dyadic case is no exception (see Fine [3] ).
For double trigonometric Fourier series, Marcinkiewicz and Zygmund [4] proved that am, n (f) ---> f a.e. as m, n ---> 00 provided the integral lattice points (m, n) remain in some positive cone, i.e., provided min:::; P and nlm :::; P for some fixed parameter P ~ 1.
During the last decade several attempts have been made to obtain a Walsh analogue of this result. Apart from growth estimates in [9] and the almost trivial fact that double Walsh-Fourier series of LP functions are Cesaro summable in LP norm for 1 :::; p < 00, little is yet known. Part of the problem is that the classical Fejer kernels are dominated by decreasing functions whose integrals are bounded but this property fails to hold for the one-dimensional Walsh-Fejer kernels. This growth difference is exacerbated in higher dimensions so that the trigonometric techniques are not powerful enough for the Walsh case.
We obtain positive results concerning a.e. Cesaro summability of double Walsh-Fourier series. For f E Llog+ L we show that Cesaro summability holds with no restriction on the order (m, n) other than min{m, n} ---> 00.
For fELl we obtain an analogue of the Marcinkiewicz result for Cesaro means of order (2 m , 2n). Precise statements appear in §3. In §2 we introduce quasi-local operators and show that a large class of quasilocal maximal operators are of type (LI, H) and of weak-type (1, 1). Here H represents a dyadic Hardy space on [0, 1). These estimates are iterated to obtain similar inequalities for a class of two-dimensional operators which includes Cesaro means of double Walsh-Fourier series. The iteration is effected by introducing hybrid Hardy spaces of two-variables ("dyadic Hardy" in one variable and integrable in the other). For nonnegative functions, these hybrid Hardy spaces reduce to L log + L .
HARDY SPACES AND QUASI-LOCAL OPERATORS
Let P denote the positive integers, N = P U {O} , and Q = [0, 1). For any set E, let E2 denote the cartesian product E x E . Thus N 2 is the collection of integral lattice points in the first quadrant and Q2 is the unit square.
Let QI = Q and fix j = 1 or 2. Denote the j-dimensional Lebesgue We will also denote this set by 1m (X) .
The dyadic maximal function of an IE LI(Qj) is defined by
Recall that the dyadic Hardy space H(Qj) is the collection of IE LI(Qj) such that 1I/IIH(Qj) == 11/*lh < 00.
In the classical proof that Calderon-Zygmund integral operators T are of type (p, p) for 1 < p < 00 (see [7, p. 44] , for example), a key step involves showing there is an absolute constant C and an expansion factor r such that if I is a function of mean zero supported on a cube I, and if [* is a cube centered where I is but expanded by the factor r, then r T I ::; Cll/ih .
JQ3~1.
Using this as motivation, we make the following definitions. For each I E J j and each r E N let I' E J j be defined by I ~ I' and The following gives sufficient conditions for a maximal operator to be of type (H(Qi) , L1(Qi)) and of weak-type (1, 1). (4) and (5) I{Tf> A}I ~ ~ IIflh for all fEL1(Qi) and A>O. Proof. A function a E Loo(Qi) is called a dyadic atom if either a = 1 or if there is an I E Qi such that (6) and (7) where XI represents the characteristic function of I. Recall (see Coifman and Weiss [1] ) that an f E L1(Qi) belongs to H(Qi) if and only if there is a sequence of dyadic atoms (an, n E N) and a sequence of numbers A == (An, n E N) such that 00 (8) and 00 (9) IIAlll! = L IAnl < 00.
Theorem 1. Let (Ty, )' E r) be a collection of bounded sublinear operators on L1 (Qi) and set If T is quasi-local and bounded as an operator on Loo(Qi) then there is a constant B > 0 (depending only on the operator norm IITlloo and the constants of quasi-locality C and r) such that
n=O Also recall that A can be chosen so that IIAII/' ~ IIIIIH(Qj) .
Suppose a satisfies (6) and (7) 
. Let * denote the dyadic convolution"on £i(Qj) , for example, [2] ). The following result shows that a Kronecker product of a maximal convolution operator of weak-type (1, 1) with one of type (H( Q) , L I (Q)) is an operator of weak type (L 1) on Q2 provided one of the kernels is nonnegative. and that the Walsh-Dirichlet kernels
(g * h)(t) = k g(t + s)h(s) ds for g, h E LI(Q) and t E Q (see Fine
for mEN (see Fine [2] ). Also recall that the Walsh-Fejer kernels
for t E Q, n, m E P, 2 n -1 ::; m < 2 n and (23)
}=o for t E Q, n EN (see [6] ). Notice by changing the order of summation in (22) that (23) implies 
as min{nl' n2} ----00 and Inl -n21 :::; a.
In particular, the Walsh analogue of the Marcinkiewicz-Zygmund result holds for Cesaro means of dyadic orders. The original problem (see [9] ) of whether
as min{nl' n2} ----00 and 2-0. and we conclude that aa is quasi-local.
